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fundamental. It may not be inappropriate, therefore, to devote the remainder 
of this address to an elementary exposition of the meaning of these two quantities, 
not with the thought of adding anything essentially new to the theory, but in the 
hope of providing a convenient starting point from which some of us who are not 
already familiar with the subject of statistics may begin our study of its modern 
developments. 

3. The Central Problem of Statistics. Correlation between Two Functions, 
x(t), y(t).—In the problem of correlation, what is sought for is some measure of 


agreement or disagreement between two series of paired quantities, 21, %2, X3, +++ In 
and Y2, °** Yn» Where the pair 21, y; are supposed 
to belong to an “individual” numbered 1, the pair Y 
y2 to an “individual” numbered 2, and so on; thetotal *“Cc>TT THA 
number of individuals, n, being called the total “popu- 
lation.” 
For example, x and y may be the height and weight HR 
of individual men; or x may be the rainfall and y the 9 “A 
price of wheat for individual years; and so on. mee: iin 
In order to state the problem geometrically, we may 
plot the 2’s and y’s as ordinates against the individual- » = ————— 
numbers 7 as abscissas, as in Fig. 1; what we seek is » QOS 
then some measure of agreement or disagreement be- Cra a 
tween the two curves or functions Fig. 1. 2 = age, y = 
income, of a certain group 
xz = f(2), y = o(2) of men (n = 20). Means: 


x = 30 years, ¥ = 2600 dol- 
over a range of values a =7 S b (the function being here lars. Standard deviations: 
defined for only a finite number of values of 2). —— years, oy = 417.1 

ollars. Correlation coeffi- 
4. Notation: x, y; &, 7; X, Y.—In order to reduce cient: r = .855. 
these two curves to a comparable basis, it is convenient 
to take two preliminary steps, one concerning the base-line, or origin, the other 
concerning the scale, or unit of measurement. 
As to the base-line, we agree to refer each of the given series to the (arith- 


metical) mean of that series as origin, the means being given by 


1 


In other words, instead of plotting the given 2’s and y’s, we plot the “deviations 
from the means,” £ and 7, where 
= — &, m= 


As to the scale, we agree to take as the unit of measurement for each series 
the “standard deviation” of that series, namely 
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where the “standard deviation,” o, (or o,), may be interpreted as the radius of 
gyration of the z-curve (or y-curve) about a horizontal axis through its mean 
height. In other words, instead of plotting the 2’s and y’s or the é’s and 7’s in 
their original units (kilograms, dollars, degrees, or what not), we plot the 
“ratios” X and Y (as in Fig. 2), where 


X; = &,/o2, Y; = ni/oy. 


These X’s and Y’s will be pure numbers, independ- 
ent of the original units, and having the following 
properties: 


+! 


1 
(Xi) = 0, = 24 = 0; 


1 1 
(X77) = 1, = 2. = 1. 


That is, the arithmetical mean of X and the arithmetical 
mean of Y are both zero, while their standard deviations (or radii of gyration) 
are both unity. 

For the purpose of studying correlation, the reduced curves formed by plotting 
X; and Y; against 2 will be more convenient than the original curves formed by 
plotting zx; and y; against 7; and any criterion of agreement or disagreement 
between the X’s and Y’s may be accepted as a valid criterion of agreement or 
disagreement between the 2’s and y’s. 

Note.—The term “standard deviation” was introduced by Pearson in 1894. 

It should be noted that in case x (or y) is a constant, X (or Y) will be inde- 
terminate. This case, which presents no special interest, will be excluded from 
consideration in what follows. 

5. The Correlation Coefficient r. Definition and Properties——The most 
widely accepted measure of correlation between two given series or curves 2 
and y, is the Pearsonian (or “product-moment’’) coefficient of correlation, r, which 
may be defined in terms of the reduced quantities X and Y by the simple formula 


1 
= (X;Y;). 


That is, r is the mean product of corresponding pairs of values of X and Y. 
By aid of the simple transformations 


11 11 
it is easily shown that r cannot exceed 1 in absolute value. The case r = + 1, 


called the case of perfect positive correlation, will occur when and only when the 
X and Y curves coincide. The case r = — 1, called perfect negative correlation, 
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will occur when and only when the Y curve is the reflection of the XY curve in the 
axis of 7. Either case will occur when and only when the 7’s are directly pro- 
portional to the é’s; or, what amounts to the same thing, when and only when 
the original y’s and 2’s are connected by a linear equation 


Oy Ox 


We see, therefore, that in the Pearsonian sense, perfect correlation (positive or 
negative) between two sets of quantities x and y means nothing more nor less than 
the existence of a linear algebraic equation connecting those quantities. Indeed, a 
better name for the coefficient of correlation might be the “coefficient of linear 
relationship.” 

In general, the given sets of values will not be linearly related, and the value 
of r will be less than 1. 

6. Relation of r to the Method of Least Squares.—The significance of the 
coefficient of correlation, r, may be brought out further by the following con- 
siderations. In the expression 


11 
the quantity 


2 
may be regarded as a measure of the total discrepancy, in the sense of the method 
of least squares, between the curves X and Y. Clearly, when the discrepancy A 
is zero, or the curves coincide, the correlation r is perfect (r = 1); and as the 
discrepancy increases the correlation decreases. Hence r is seen to be a suitable 
measure of the degree of approach to coincidence of the two curves X and Y. 
We note that as r varies from + 1 to — 1, A will vary from 0 to 2, the value 
r = 0 corresponding to A = 1. 
A further connection with the method of least squares will be noted below (§ 9). 
7. Equivalent Formulas forr. The Case of a Continuous Variable.—Equiva- 
lent and more familiar formulas for r are 


> (én) > (én) 


r= = 
nosy? 
The importance of the product-factor =(éy) was evident in the work of 
Bravais in 1846, and was re-discovered and applied by Galton in 1886-1888; 
but the complete expression for r, in the form just stated, was first given by 
Pearson in 1896. [Compare also L. March (1905).] 
For purposes of numerical computation, the following formula is to be pre- 
ferred in practice (J. A. Harris, Amer. Naturalist, Vol. 44, p. 693-699, 1910; 
L. L. Thurstone, Psychological Bulletin, Vol. 14, pp. 28-32, 1917): 
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where, in the denominator, 
(2?) — # and (y*?) — 


are the standard deviations of the 2’s and y’s. 

We note in passing that if the n individual-numbers, 7, are replaced by a 
continuous variable, ¢, the formulas above become modified as follows (the 
summations being replaced by integrations): Given 2 = f(t) and y = g(t) for 
the rangea St=b. Let 


II 
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ll 
| 
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Then 


and 
1 b 
if Endt aydt — zy 


8. The Correlation Graph, or Scatter-Diagram.—Up to this time we have 
thought of the values of x; and y; as functions of 7, and have plotted them as 
two separate curves on the axis of 7 as a base. It is often more convenient to 
think of y as a function of x, and to plot the graph of y 
against 2 in the ordinary way. The result will not, how- 
ever, be an ordinary graph, since y will not, in general, 
be a single-valued function of x. To any value of x may 
correspond many values of y, any one of which may be 
repeated more than once. A typical graph of y as a func- 
tion of x will therefore appear as in Fig. 3, called a corre- 
lation graph (Galton, 1888), in which every dot (2, y) 
represents a pair of values of x and y belonging to some 
individual, and the total number of dots is equal to the 
total “population,” nm. (Multiple dots would be indicated in the figure by 
clusters.) 


Fig. 3. Correlation 
graph. 


1 1 b 
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In practice, such a graph is usually divided into squares of suitable size, 
and the number of dots falling within each square is indicated by a numeral 
written within that square. This gives a “correlation table” for x and y. Or, 
each such numeral may be replaced by a z-ordinate of corresponding height, 
erected at the middle of the square, and a sort of tent-cloth spread over the tops 
of these ordinates. This gives a “correlation surface,” the height of which at 
any point of the x, y plane shows the density of the distribution of the dots at 
that point. For our present purpose, however, the simple correlation graph or 
“scatter-diagram,” is all that we shall need. 

9. Regression Lines and Coefficients of Regression.—Let us now seek a 
linear expression that shall give us most accurately the value of y corresponding 
to any given 2. 

In the special case when r = 1 we know (§ 5) that y is simply a linear function 
of x, and the equation 


or Y=X 
Ox 
will give y exactly in terms of 2 (or Y in terms of X). In this special case all the 


dots in the correlation graph will lie on this line. In the general case (r not equal 
to 1), we may write an approximate equation 


y (x — &) or 


and seek to determine the arbitrary factor \ so that the values of y’ (or Y’) 
obtained from this equation shall be equal as nearly as possible to the true values 
of y (or Y). That is, we seek to determine \ so that the “least-squares” total 
error, 


shall be a minimum. An easy transformation (using the simpler notation) gives 

which will clearly be a minimum when \ = r. Hence the “best” straight line 

to give y in terms of x will be 


y or Y’= rX, 


while the amount of total error involved in using y’ for y (or Y’ for Y) is 
= o,7(1 — or =1—r. 


Clearly, if r = 1, this error is zero; and if r = 0, the error takes its maximum 
value. Hence again we see that the value of r is a suitable criterion of the 
approach to linear relationship of the variables 2 and y. 
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The straight line just obtained is called the line of regression of y on x, and the 
factor r(¢,/oz) is called the coefficient of regression of y on x. 
Similarly, the straight line 


— 4) or xX’=ryY 


will be the “best” straight line for giving x in terms of y, the “total error” being 
= — 1°) or EZ=1-— 


This line is called the line of regression of x on y, and the factor r(¢,/c,) is called 
the coefficient of regression of x on y. 

The two lines of regression will not coincide unless r = + 1. 

It will be observed that the coefficient of correlation, r, 1s the geometrical mean 
of the two coefficients of regression. This fact is the starting point for the theory 
of “partial correlation coefficients” for any number of variables (Yule, 1897 
and 1907), into which we cannot enter here.! 

10. Curves of the Means, or Regression Curves.—The correlation graph, 
with its scattered dots, may, for some purposes, be simplified as follows. 

Thinking of y as a function of 2, let us replace each column by a representative 
dot located at the mean of that column. We thus obtain what is called the curve 
of the means of the columns, or the regression curve of y on x (Pearson, 1896). 

Or again, thinking of z as a function of y, we may replace each row by a 


2500 
Fic. 4. Curve of the means of the columns, Fig. 5. Curve of the means of the rows, 


and line of regression of yon x. Coefficient of | and line of regression of x on y. Coefficient of 
regression (y on x) = .886; correlation ratio (y regression (x on y) = .825; correlation ratio (x 
on £) = nyz = -941. on y) = nz = .916. 
representative dot located at the mean of that row, thus obtaining the curve of 
the means of the rows or the regression curve of x on y. (See Figures 4 and 5). 

If the curves of the means happen to be straight lines, we have the case of 
linear regression, which was the earliest, and for a time the only case considered 
(Galton, 1888; Pearson, 1895; Pearson, 1905). In this case it can be readily 
shown that the curves of the means, or curves of regression, will coincide with the 
lines of regression defined in § 9. 


; 1 An excellent example of the application of partial correlation coefficients in practical statistics 
may be found in W. F. Ogburn’s “Analysis of the standards of living in the District of Columbia 
in 1916:” Quart. Pub. Amer. Statistical Association, vol. 16, June, 1919, pp. 374-389. 
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In order to prove this most clearly, for the case, say, of the column-means, 
let us adopt the following notation, expressed, for convenience, in terms of 


X and ¥Y (§ 4): 


X = the abscissa of any column 

Ny = the number of dots in the column 

Y, = the ordinate of any dot in the column 
Ta = the mean of the column; that is, 


> 1 
Yy= — Sx(Yx), 


where S, denotes summation from dot to dot within the column (X = constant). 
These Y,’s are the ordinates of the curve of the means in question. If this 
curve is a straight line, then we must have 


where » and X are some constants. But, summing from dot to dot over the 
whole table, 


IS ax 
(Fx) Dw) += DX) 


or 


1 1 
=a tr= D(X), 
whence 


w= 0. 


Again, multiplying each side by X, and summing as before, 


1 = 1 


9 
or 


(XY) = 
whence 


A= r. 


Hence, if the curve is a straight line at all, it must be the line 
Y,=rX 


which is precisely the regression line of y on x. 
1 Thus, if S4 denotes summation from column to column, while Sx denotes summation from 
dot to dot within the column X, then 


= SalSx(¥x)] = = SalSx(¥)] =~ 2(¥) = 0. 


? Thus, 


2X¥x) == SalSx(X¥x)] == SalXSx(Px)] = SalXSx(¥)] SalSx(X¥)] +4 =r. 
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11. The Correlation Ratio, y,:. Definition and Properties—Whether the 
curve of the means of the columns is linear or not, the whole system of dots in a 
correlation graph may be regarded as forming a band of more or less irregular 
width along this curve; and the narrower this band, the more nearly will y be a 
single-valued function of x. 

On the other hand, the dots may be regarded as forming a band along the 
curve of the means of the rows; and the narrower this band, the more nearly 
will 2 be a single-valued function of y. 

Considerations of this sort led Pearson in 1905 to introduce two new measures 
of correlation, nyz and 7z,, called the correlation ratio of y on x and the correlation 
ratio of x on y respectively. If one speaks simply of the correlation ratio, 7, one 
usually means the correlation ratio of y on x. The definition and properties of 
this quantity may be explained as follows. 

In order to secure a measure of the width of the band of dots about the curve 
of the means of the columns, we begin by letting 

dy = the standard deviation of a column, or the radius of gyration of the 
column about its mean; that is, 


dx Sx( Yy Yx)’, 
where S, denotes summation from dot to dot within the column (§ 10). These 
d,’s will measure the “scatter” of the dots in each column about the mean of 
that column. 
What we then need, as a measure of the total “scatter” of the dots about the 
curve of the means, is some kind of average of the d,’s for all the columns. 


The most obvious average to take for this purpose would be either the mean 
of the d,’s, namely, 


1 
= Sa(dy), 


where S,4 denotes summation from column to column, and A is the number of 
columns, or else the standard deviation of the dy’s, namely, 


D" = Sa(dx2). 


It is found more convenient, however, to take a sort of pseudo-standard deviation, 
namely, 


in which each d,? is “weighted” by the number of dots in that column, and the 
sum divided, consequently, by the total number of dots, n, instead of by the 
number of columns, A.! 


"1 Here D’ is the mean height and D” the radius of gyration of the ‘‘scedastic curve” formed 
by plotting dx against X. Both these averages were considered by Pearson (1905, p. 10), but 
immediately abandoned in favor of D. 
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This quantity D may be transformed without difficulty as follows:! 
D? = 7, } n Sa(ny} x >. 


The correlation ratio of y on x, is then defined as 


1 ral 2 
Ny: = Sa(nx¥ x’) 


where S, denotes, as before, summation from column to column. 

This quantity yz clearly lies between 0 and 1; and the relation n,.2 = 1 — D? 
shows that the case nyz = 1 will occur when and only when the band of dots narrows 
down into coincidence with the curve of the means of the columns; that is, when and 
only when y is a single-valued function of x. The narrower the band, the more 
nearly will nyz approach 1. 

In terms of the original variables, x and y, the definition becomes 


n 


which is the most convenient form for computation. 

The correlation ratio of x on y, namely nzy, is obtained by simply interchanging 
z and y and replacing S4 by Sz (to denote summation from row to row). 

It should be especially noted that the significance of the two correlation ratios 
is concerned with the single-valuedness of the connection between 2 and y, 
rather than with any particular form of connecting equation. Indeed, they 
might well be called the “coefficients of single-valued relationship.” 

For the case of more than two variables, definitions of “partial” and 
“multiple” correlation ratios have been given by Pearson (1915). 

12. Relation between 7,, and r.—An important relation between the correla- 
tion ratio, nyz, and the correlation coefficient, r, may be brought out by a further 
study of the curve of the means of the columns (the regression curve of y on 2). 

If the curve of the means happens to be a straight line, we have the case of 
linear regression (§ 10). 


1 Thus: 


Nyx 


1 > 
Dt = SalSx(Yx — Yx)’] 
1 2 1 > 2 
= SalSx(¥x")] — 25 Sal¥xSx(¥x)] += SalSx(¥x")] 
=(Y?) —2 Sa(YxnxYx) + * Sa(nx¥ x") 


1 
= 1 Sa(nxY x’). 
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If the curve of the means is not a straight line, we may seek the straight line 
which fits the curve with a minimum total discrepancy. 

Let Y’ = u + XX be the required straight line, where yu and ) are to be deter- 
mined so as to make the total discrepancy between the line and the curve a 
minimum. 

As the expression for the total discrepancy, it would be most natural to take 


the “least-squares” error 


1 
+ AX — 
where S,4 denotes summation from column to column, and A = the number of 
columns. It proves more convenient, however, to take a “ pseudo-least-squares” 
expression 


1 \2 
=~ Salnx(u + 9X — 


in which the square of the difference in each column is “ weighted” by the number 
of dots in that column before summing. This quantity EH? may be transformed, 
by a straightforward process,! into 


where nyz has the value defined above (§ 11). 

Evidently, to make E a minimum we must put uy = 0 and’ =r. Hence the 
line which best fits the curve of the means of the columns (in the pseudo-least- 
squares sense) is simply the line of regression (§ 9): 


Y’ = rX or oy’ y=r—(a#— 2). 
Cx 


The total discrepancy between the line and the curve is 
or e? = 0,7(nyz? — 1°). 


From this last equation we see that the correlation ratio, nyz, will be equal to the 
correlation coefficient, r, when and only when the regression of y on x is linear; 
that is, when and only when the curve of the means of the columns reduces to 
a straight line. 


iN oting that 
1 1 
Sa(nxX) = =(X) = 0, 


1 
7, Sa(nxX?) = = 1, 


1 — 1 
7, x) = 7, SalSx(¥x)] = 90, 


and 
S4(Xnx¥x) = + SalXSx(¥x)] = + SalSx(X¥x) =* =r. 
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Similarly, 7,, = r when and only when the regression of x on y is linear. 

Thus, in the case of linear regression, it makes no difference whether we use 
the correlation ratio or the correlation coefficient. In the case of non-linear 
regression, the correlation ratio is usually to be preferred. 

It should be noted, in this connection, that one of the curves of the means 
may be a straight line and the other not, so that we may have “linear regres- 
sion”’ for y on x and not for 2 on y. 

13. Conclusion. Remarks on the Probable Error.—We have thus completed 
our sketch of the elementary theory of the correlation coefficient and the correla- 
tion ratio. Space does not permit any account of other methods of measuring 
correlation, such as the method of contingency, the method of correlation by 
ranks (including Spearman’s “Foot-Rule’’), the method of four-fold division, 
etc., which have been devised for special purposes (compare Pearson, 1907; 
Ritchie-Scott, 1918). Nor can we discuss the precautions that are necessary 
in practical computation on account of “corrections for grouping” in the 
correlation table. 

At least a word must, however, be said in regard'to the question of probable 
errors. The probable error of the correlation coefficient, r, is usually given as 
1-r 


Vn 
and that of the correlation ratio, nyz, as roughly, 


] 
67449 , 
Vn 


while the probable error of the quantity £ = n,:2 — r? (used as a test for linearity 
of regression) is, still more roughly, 


.67449 ( al ); 
Vn 


and we are continually warned that no confidence can be placed in any of these 
quantities unless their value is three or four times their probable error. 

Now what is the real significance of these probable errors? They have 
required some extraordinarily intricate mathematics for their determination; 
it is hardly possible to explain their essential nature in a few words. This much, 
can, however, be said. The question is primarily a question of what is technically 
known as the “errors of random sampling.” Unless the statistical material 
with which we are dealing is a “sample” of a larger statistical “ population,” no 
question of “probable error” will arise. 

The simplest case may perhaps be stated as follows: Suppose a correlation 
table exists, with a population N, and an unknown correlation coefficient, r; 
and suppose a sample population, n, drawn from N, is found to have a correlation 
coefficient r;. Another sample of the same size would doubtless have a different 
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coefficient, re. Suppose the total number of samples of this size that can be 
drawn from JN is m, and let 
T2, T3, °° * Tm 


be the correlation coefficients for these m samples. Further, let r be the mean 
of these r’s, which we may take to be equal to the true value r, and let p be their 
standard deviation: 


Then if the r’s are assumed to be distributed according to the normal law of error, 
it can be shown that half of them will lie between r + 0.6745p and r — 0.6745p, 
and the other half outside those limits. When we say, then, that an observed 
value, r;, has a “probable error” of p = .6745p, or that the true value of r is 
as likely to lie within as without the limits 


re + p and Tk — D, 


we mean simply that 7frwe actually tested all the mathematically possible samples, 
half the results would lie within these limits and half without; the important point 
being that we do not know to which half our particular sample may belong. Any 
statement as to the size of a probable error is always a statement of our ignorance; 
but even this ignorance may give wise information, for while all ignorance is 
deplorable, some ignorance is more deplorable than others. As a general rule, 
the smaller the size of the sample, the greater the depth of our ignorance. 

14. References.—The full titles of the articles referred to above by date only, 
are here appended. The best bibliography of the original memoirs—to which 
every serious student of statistics must eventually refer—is given in Yule’s 
Introduction to the Theory of Statistics, 3d edit., 1916. 
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MEETING OF THE MINNESOTA SECTION. 


The annual spring meeting of the Minnesota Section was held on Saturday, 
May 31, 1919, at Science Hall, Hamline University. There were thirty-one 
present including the following members of the Association: R. M. Barton, W. O. 
Beal, Edla G. Berger, W. H. Bussey, H. H. Dalaker, C. H. Gingrich, R. A. 
Johnson, Sister Mary John (institutional representative), R. M. Mathews, 
C. A. V. Peterson, Jessie G. Quigley, W. D. Reeve, Ella A. M. Thorp, C. H. 
Yeaton. 

The program consisted of chairman’s remarks by C. H. Gingrich, Carleton 
College, a paper by W. F. Swann, of the department of physics, University of 
Minnesota, a book review by W. O. Beal, of the department of astronomy, 
University of Minnesota, a memorial tribute to Father William Earnshaw Etzel 
by Father Moynihan, President of St. Thomas College, a discussion of college 
entrance requirements for mathematics opened by W. D. Reeve, College 
of Education, University of Minnesota, popular talks on mathematics by Jessie 
G. Quigley, College of St. Teresa, and five papers upon mathematical subjects 
by R. M. Mathews, Duluth Central High School, W. H. Kirchner of the college 
of engineering, University of Minnesota, R. A. Johnson, Hamline University, 
D. C. Kazarinoff, Carleton College, and W. H. Bussey, University of Minnesota. 

The program was unusually well selected and presented and all papers proved 
of interest to the audience. Mr. Reeve, in opening the discussion of college 
entrance requirements in mathematics, urged the use of mental tests in addition 
to the method of certification and presented a considerable body of data which 
has grown out of his experience in this work. 

Mr. Mathews’s paper on “The graphics of intersections of line and conic” 
appears elsewhere in this issue of the Monruty. 

Mr. Kirchner followed his discussion of last year upon the desirability of 
introducing Descriptive Geometry as a course in college mathematics, with a 
short paper upon “The co-point of three planes” in which he set up the conditions 
for the common point of three planes from the point of view of descriptive 
geometry and interpreted these in terms of the corresponding conditions from the 
view points of analytic geometry and algebra. 

Dr. Johnson’s paper dealt with the well-known theorem usually ascribed to 


| 


436 MEETING OF THE MINNESOTA SECTION. [Dec., 


Fontené: The necessary and sufficient condition that the pedal circle of a point 
be tangent to the nine-point circle in that the point and its isogonal conjugate 
be collinear with the circumcenter. An alternative method of finding, with 
ruler and compasses, the intersections of a line with a conic given by five points 
was incidentally developed. 

Mr. Kazarinoff’s paper on “Some properties of focal conics of quadrics” 
appears elsewhere in this issue of the Montuaty as ‘‘ Dupin’s Theorem.” 

President Moynihan of the College of St. Thomas related the events of the 
life of Father William Earnshaw Etzel in a very interesting manner, giving an 
insight into the motives and accomplishments of Father Etzel at once keen 
and sympathetic. Father Etzel was a charter member of the Section, an officer 
and an ardent helpful worker whose presence is greatly missed. 

Mr. Swann’s paper on “The diurnal variation of the atmospheric potential- 
gradient”’ is in abstract as follows: 

Various phenomena in cosmical physics lend support to the view that the 
upper atmosphere is highly conducting as compared with the air near the earth. 
Thus, for example, considerations based on the ionization of the upper atmosphere 
by the sun’s ultra-violet light show that this agency is capable of accounting for 
such a high conductivity that the resistance of a column of the upper air equal 
in length to the earth’s quadrant would be no more than that of a column 3 cms. 
long and of the same cross section at the earth’s surface. Thus, as far as this 
agency is concerned, the upper atmosphere may, for electrostatic purposes, be 
looked upon as a perfect conductor. Although the ultra violet light affects only 
the sunlit portions of the atmosphere, we have reason to believe that the cor- 
puscular radiation responsible for the aurora is more evenly distributed. 

If two concentric spheres be maintained at a difference of potential, the field at 
the surface of the inner sphere will, from symmetry, be the same at all points. 
If a dent be made in the outer sphere, the distance between the spheres at this 
point will be decreased, and since each sphere is at the same potential at all 
points, the field at the portion of the surface of the inner sphere under the dent 
will be stronger than the field elsewhere. This crude illustration suggests the 
view that if the upper atmosphere is in a highly conducting state, but the high 
conductivity on the sunlit side extends to lower levels than on the opposite side, 
the potential gradient should be higher in the former case than in the latter. 

Here then would be an influence playing a part in the determination of the 
diurnal variation of the potential gradient, and such as to predict a maximum 
by day and a minimum by night, which condition is found, in a general way, to 
prevail. In its simplest aspects it would predict a diurnal variation of the 
air-earth conduction current-density of the same type as the potential-gradient. 
In practice it is found that the potential-gradient and conductivity at the earth’s 
surface vary in opposite ways in such a manner as to secure greater constancy 
in the conduction current-density than in either of its constituent factors. How- 
ever, it is by no means universally true that the conduction current-density 
remains even approximately constant; it is thus of interest to trace out in some- 


1919. ] MEETING OF THE MINNESOTA SECTION. 437 


what greater detail the consequences of the view outlined above, by working out 
an example where the change of conductivity with altitude is not absolutely 
sudden, as in the crude illustration cited, but takes place in a continuous manner. 

In the problem considered, a distribution of potential-gradient over the surface 
of the earth is expressed in a series of Legendre coefficients in the form: 


OV 
= Ap + A,P,(u) + AnPn(u) (1) 


r, 0, being the polar coérdinates of a point, and @ being measured from the line 
joining the center of the earth to that of the sun. 

It is shown that a solution of the equation of continuity, subject to V = 0 
at the sphere of radius a (the radius of the earth), and giving the distribution 
(1) over this sphere is given by: 

V = any function of y, 
where, 


Aga? 


a’ a n+2 
y= — (; ) Pru) | | + 


provided that o the conductivity is given by: 


nil 
c= dy , while 


go is the conductivity at the surface of the earth. As a particular example, the 
case 


OV 
= Xo + Xoa(1 + cos + (2) 


is considered, a being a constant which, for illustration, is taken as 0.25. This 
expression corresponds to a decrease in (OV /dr),. from 6 = 0 to @ = 7. Values 
of ¢ and dV /dr given respectively by: 

a a r az 
Bil— |- — =] cos 
= oe [ ae =) }] (3) 


and 


satisfy the necessary conditions for this case, 8 being constant. It is shown 
that if 8 is chosen so as to make a increase by a factor of 30 at an altitude of 10 
kilometers, the conductivity at such an altitude as is given by r = 2a, for example, 
is practically infinite for all values of 6; and, the distribution of 0V/dr in the 
region r < 2a is sensibly the same as would have resulted from any other expres- 
sion for ¢ which was sensibly the same as that chosen in the region r < 2a, 
even though, as r increased in value, this other value of o gradually departed 
from the form (3) in such a way as to avoid the peculiarities associated with that 
form for large values of r. 
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It will be observed that the form (3) is such that o increases more rapidly 
with r when @ = 0 than for any other value of 0, and it is thus of the type to 
represent qualitatively the influence of the sun’s ultra-violet lignt. The constant 
a may be taken as representing the intensity of the sun’s effect. If there were 
no ultra-violet light, a would be zero, and (3) and (4) would indicate equal rates 
of increase of o and of decrease of dV /dr with altitude for all values of 6. More- 
over, the potential-gradient would be constant over the earth’s surface, as 
shown by (2). 

The views outlined in the paper are applicable to the case of the solar eclipse, 
and are in line with experiment in predicting a diminution of the potential- 
gradient as a result of removal of the sun’s rays. 

Mr. Bussey’s paper on “Methods of finding the square root of a number by 
means of a computing machine” gave two methods. (1) If ais an approximate 
value of the square root of a number N = (a+ b)?, the number 3[(N/a) + a] 
is a better approximation. This follows from the fact that 


+ a] = (a+ b) + B?/2a 


which is nearly equal to (a + )) if b is small in comparison with a. The divisions 
involved in this method can be performed with ease on a computing machine. 
The method is equivalent to Newton’s method of approximation. (2) The 
square root of a number less than 10,000 can be found by repeated subtraction 
by means of the following theorems: 

(i) a? = the sum of a consecutive odd numbers beginning with unity. 

(ii) 2abt + b? = the sum of b consecutive odd numbers beginning with 2 at + 1. 

Example: 


529-100 = 429) Two subtractions; therefore the first figure of 
429-300 = 129 the square root is 2. 
129- 41= 88 ] Three subtractions; therefore the second figure of 
88- 438 = 45} the square root is 3. Answer, 23. 
45-45= 0 | 

The method can be extended so as to apply to numbers greater than 10,000 
and to numbers which are decimal fractions. 

Mr. Beal’s paper reviewed An introductory treatise on dynamical astronomy, 
by H. C. Plummer (see this Monruty, June, 1919, pages 253-254). 

Miss Quigley gave numerous illustrations of success she has attained by 
popular lectures in interesting students in mathematics and its study. 

The program was followed by an excellent dinner at which the Section was 
guest to Hamline University. For the ensuing year R. A. JoHNSON was elected 
chairman, R. M. Barron, secretary-treasurer, C. H. Ginaricn, C. H. YEaTon, 
R. M. Matuews, executive committee. 

It was voted that resolutions upon the death of Father Etzel be drawn up 
and placed in the minutes of the Section and that a copy of the same be sent to 
St. Thomas College. 

R. M. Barron, Secretary-Treasurer. 


1919. | NATIONAL COMMITTEE ON MATHEMATICAL REQUIREMENTS. 439 


THE WORK OF THE NATIONAL COMMITTEE ON MATHEMATICAL 
REQUIREMENTS. 


Since the publication of the statement concerning the work of the National 
Commitie on Mathematical Requirements in the September 1919 number of the 
Monty, the following events have occurred. 

The office of the Chairman of the Committee has been located in the Mus- 
grove Building, Hanover, New Hampshire. Mr. J. A. Foberg’s office is at 3829 
North Tripp Avenue, Chicago, Illinois. 

The following members have been added to the Committee: 

Mr. A. C. OLNEY, Commissioner of Secondary Schools, Sacramento, California. 

Mr. P. H. UnDERWooD, Ball High School, Galveston, Texas. 

Miss Euxta A. WrEEks, Cleveland High School, St. Louis, Missouri. 

Mr. WALTER Downey, of the English High School, Boston, Massachusetts, 
has been appointed by the New England Association of Teachers of Mathematics 
to take the place of Mr. G. W. Evans, who is spending a year’s leave in China. 

A report on “The Reorganization of the Introductory Course in Secondary 
School Mathematics”’ by G. W. Evans has been received, and is being revised 
with a view to making it the basis of discussion on the part of teachers organiza- 
tions throughout the country. A report by A. R. Crathorne on “ Change of 
Mind between High School and College as to Life Work” has also been 
received; it is expected that this report will be published soon. Professor 
Crathorne’s work on “A Critical Study of the Correlation Method as Applied to 
Grades ”’ is progressing rapidly. An extended report on “‘ Experimental Schools 
and Courses’? by Mr. Raleigh Schorling and one by Mr. J. A. Foberg on 
“ Mathematics for the Junior High School” are in preparation, as is also a pre- 
liminary report on the ‘“ Revision of College Entrance Requirements” by the 
Chairman. A comprehensive bibliography of the recent literature on the sub- 
ject of the teaching of mathematics is being made under the direction of Pro- 
fessor David Eugene Smith. 

The following further items regarding the work of the Committee may be of 
interest. 

A letter addressed to some 30 publishing houses asking their coéperation in 
the work of the Committee has received a very generous response. As a result, 
the Committee now has a collection of almost 200 modern textbooks relating to 
secondary and elementary college mathematics. 

The efforts of the Committee to make contact with organizations of teachers 
of mathematics throughout the country is also beginning to yield results. The 
directory of such organizations now includes about 40. Requests for speakers 
on the part of such organizations at meetings during October and November 
have been received from the Indiana State Teachers Association, Northwestern 
Ilinois Teachers Association, New Jersey Association of Mathematics Teachers, 
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Iowa Association of Mathematics Teachers, New York State Teachers Associa- 
tion, Texas State Teachers Association, the High School Conference of the 
University of Illinois, the Association of Teachers of Mathematics in the Middle 
States and Maryland and the North Dakota Educational Association. 

An effort is being made to get the work of the Committee before the public 
through the general educational periodicals of the country. Letters have been 
sent out to over 50 such periodicals. Those which have been heard from have 
given a very cordial response. 

The Committee plans further to promote the formation of new organizations 
of teachers, where such organizations are needed and do not exist at the present 
time. These organizations may be sectional, covering a considerable area, or 
they may consist merely of local clubs which can meet at frequent intervals for 
the discussion and study of the problems of the Committee. It is hoped that 
such clubs can be organized in all the larger cities where they do not already exist. 

It plans also to establish contact directly with individual teachers. The com- 
mittee feels that this is necessary in addition to their work through organizations 
in order to induce such individuals to become active and in order to make the 
work through organizations effective. Plans for establishing this contact with 
individuals on a large scale are under consideration. 

Organizations can be of assistance by sending to the Committee a statement 
of the name of the organization, its officers for the coming year, the time and place 
of its meetings and information regarding proposed programs. If any organiza- 
tion has within the last ten years issued any reports on topics connected with the 
work of the Committee, copies of such reports should, if available, be sent both 
to Mr. Young and Mr. Foberg. If this is impossible, a statement regarding the 
character and place of publication of any such reports would be welcome. 

Individuals can be of assistance 

1. By keeping the Committee informed of matters of interest that come to 
their notice; 

2. By suggesting ways in which the Committee can be helpful; 

3. By sending to the committee in duplicate reprints of any articles they 
publish on subjects connected with the Committee’s work; 

4. By furthering the work of the Committee among their colleagues, organizing 
discussions, ete. 

It is not too much to say that the existence of this Committee with its present 
resources gives the teachers of mathematics, both individually and through their 
organizations, a unique opportunity to do really constructive work of the highest 
importance in the direction of reform. They can surely be counted on to make 
the most of this opportunity. 


[For later information see page 462.] 
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QUESTIONS AND DISCUSSIONS. 
Epitep By W. A. Hurwitz, Cornell University, Ithaca, N. Y. 


DISCUSSIONS. 


In the first discussion this month, Mr. Kazarinoff gives simple demonstrations 
of several theorems on conic sections in space, suggested by the properties of 
focal conics of a system of confocal quadrics. Without access to original sources 
or other adequate references, the author was led to these theorems by direct 
study of Figs. 1 and 2 of the article. Though Mr. Kazarinoff’s theorems lack 
entire novelty it is hoped that the directness and simplicity of his demonstrations 
may aid in making them more widely known and admired; and that students 
of conics may thereby be incited to look into the generalizations of Chasles and 
Pliicker. 

The second discussion is of interest as affording an instance of the need of a 
theorem in mathematics for the purpose of answering a particular question in an 
applied science. In connection with a condition for stability of thermodynamic 
equilibrium of a fluid phase of a two-component body Professor Trevor is led to 
a property of homogeneous functions. The result is itself of interest, and suggests 
the possibility of generalizations. Probably the denominator 23;-+ 2, might 
be altered to any linear function of the variables with like results. Do similar 
theorems exist for more general types of transformation? What are the corre- 
sponding facts for other isobaric functions than homogeneous? Can the facts 
in the present and other cases be deduced in any simpler way? 

Direct interpretations of imaginary intersections of geometric loci, by opera- 
tions on the figure itself, have frequently aroused interest. Several such treat- 
ments exist for determining complex roots of quadratic and cubic equations. 
Mr. Mathews gives in the third discussion a unified treatment, by which a number 
of such questions can be resolved by the application of essentially a single idea 
his virtual image of a circle with regard to a straight line. 


I. Duptn’s THEOREM.? 
By D. C. Kazartnorr, University of Michigan. 


It is well known that the consideration of the family of confocal quadrics 


y 2 2 2 
@>P> &), (F) 


leads to the three focal conics : 


1 Read before the Minnesota Section of the Mathematical Association of America, May 
31, 1919. 
2C. Smith, An elementary treatise on Solid Geometry, 10th ed., London, 1905, pp. 144, 145. 
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Ellipse: z= 0, (E) 
Hyperbola: 
y= 0, (H) 
Imaginary conic: 
2=0, (I) 


Furthermore the following property is well known:! 

The locus of the vertices of the right circular cones which envelop the surfaces 
(F) consists of the focal conics (E), (H), and (I).? 

Since the part of the plane Vv 
z = 0 interior to (£) and the part 
of the plane y= 0 which does 
not contain the center and is 
bounded by (H) may both be 
regarded as limiting cases of sur- 
faces (F),* the following particular 
property may be derived: 

Property (A) (see Fig. 1): Given 
any ellipse (EZ) and any hyperbola 
(H) in perpendicular planes, so 


Fia. 2. 


placed that the foci of (H) are the vertices of (E), and vice versa. Then the locus of 
the vertices of right circular cones on the elliptic base (E) is the hyperbola (H), and 
vice versa.* 

1C, Smith, idem, pp. 153-155. See also G. Salmon, A treatise on conic sections, 3d ed., 


London, 1855, p. 303. 

2 This result is due to Steiner, Journal fiir die reine und angewandte Mathematik, vol. 1 (1826), 
pp. 47 

§C. Smith, idem, pp. 144, 145. 

4 This result is due to C. Dupin, Correspondance sur l’école polytechnique, vol. 2 (Jan., 1813), 
p. 424; in the Correspondance for April, 1804, Hachette attributed the result to Dupin.—EpiTor- 


IN-CHIEF. 
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My purpose is to present here an elementary proof of the property (A) and 
to deduce from it some other reciprocal properties of (Z) and H. 

Proof of property (A) (see Fig. 2): 

Let V be the vertex of a right circular cone on the elliptic base AA’M of 
which the vertices and the foci are respectively A, A’ and F, F’. The points of 
contact of two spheres inscribed in the cone and touching the plane AA’M will 
be the foci F, F’.2 

The plane V AA’ passes through the centers of the spheres and is therefore 
perpendicular to the plane 4A’M. 

Furthermore, 


? VA’ — VA = B’A' — BA = A'F — AF = FF’. 

Hence V is a point on an hyperbola with vertices and foci respectively at 
F, F’ and A, A’ in a plane perpendicular to the plane AA’M.? Since it can be 
proved in a similar way that from every point of the above hyperbola the ellipse 
AA’M will be projected by a right circular cone, we have (Fig. 1): 

The locus of the point V is an hyperbola with the same relative position to the 
ellipse AA’M as (H) has with respect to (E). 

Mutatis mutandis we can prove the second part of the property (A). 

From Fig. 2 we have also: 


MV + MF’ = MV + MQ = VQ = constant, 
(b) 
(c) MV — MF = MV — MP = VP = constant. 


Property (B) (See Fig. 1): 
V, V’ being any two fixed points on different branches of the hyperbola (H), 
and M any point on the ellipse (E), 


MV + MV’ = constant. 


Proof: 
MV + MF’ = constant, 
MV'+ MF = constant, 
MF’+ MF = AA’ = constant. 
Hence 


MV + MV’ = constant. 
Property (C): 
V, Vy being any two fixed points on the same branch of (H), and M any point 
on the ellipse (E), 
MV — MV, = constant. 
Proof: 
1G, Salmon, idem, footnote on p. 305. 
2 This property is due to G. P. Dandelin, Nouv. Mém. Acad. Bruzelles, volume 2 (1822), p. 172. 
—Ep1ToR-IN-CHIEF. 
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MV — MF = constant. 


MV,— MF = constant. 
Hence 
MV — MV, = constant. Q. E. D. 
Property (D): 
M, M’ being any two fixed points on the ellipse (E), and V any point on the 
hyperbola (H),' 
VM — VM’ = constant. 
Proof: 
MV + MF’ = M'V + M’'F’ = constant. 
Hence 
VM — VM’ = constant. Q. E. D. 


It can be proved without difficulty that the locus of the points having the 
property (B) is the hyperbola (7), as well as that the locus of the points having 
the property (C) is the ellipse (£). 


II. A Property oF HomoGENrous FuNcTIONS. 
By J. E. Trevor, Cornell University. 


When a body constituted of two independent component substances and 
subject to no mechanical or thermal separation of its parts is in a state of thermo- 
dynamic equilibrium, the body may exhibit distinct liquid or aériform parts. 
Any such part has variable mass, composition, and thermodynamic state, and is 
termed a fluid “phase” of the body. When 2, 2, 23, 2 denote the volume, the 
entropy, and the component-masses of a two-component phase, the energy of the 
phase is a homogeneous function E(a, 22, 23, 4) such that 


(1) t- E (x1, 2, 3, = E (tay, tre, tas), 


where ¢ is any positive number.” The specific volume, specific entropy, and 
specific component-masses of the body are defined by the equations 


v2 v3 v4 


= = - =— = —-=]— 
X3 + X3 + Ys X3 + 2X4 X3 + 2X4 


When ¢ = 1/(x3 + 24), and X is written for 23 + 24, the equation (1) becomes 
E = X-E(y1, ya, ys, 1 — ys) 
(2) = X-e(yi, Yo, Ys); 


where the “specific energy” e of the phase is a function of the three variables 
Y1, Yr, 
1 Properties (B), (C) and (D) are due to Dupin, Correspondance sur Vécole polytechnique, 
Jan., 1807, p. 218, and Jan., 1813, p. 424. For further references in this connection, and to 
generalizations by Chasles and Pliicker, the Encyclopédie des Sciences Mathématiques, tome III, 
vol. 4, pp. 81-86, and tome III, vol. 3, pp. 51-52, may be consulted.—Ep1Tor-1n-CHIEF. 
2 Functions which possess this restricted form of homogeneity are termed “positively homo- 
neous” by Bolza, Lectures on the Calculus of Variations, Chicago, 1904, p. 119.—EprTor. 
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If we write Taylor’s expansion in the notation 6E = }E+ ®E+-:--, 
where 65"£ is the sum of terms of the nth order, we have that the criterion of the 
stability of the thermodynamic equilibrium of a fluid phase is 6 > 0, where 
the sign of equality holds only when the variations of the variables satisfy the 
conditions 


(3) — 


In the desire to express the conditions of stability in terms of derivatives of the 
specific energy e(y1, Ye, ys), it becomes necessary to establish a relation between 
the sum of terms 6E and the variations of the function e. Giving the four 
variables x; independent increments 6x;, the functions E, e in (2) obtain increments 
6E, and we have 

bE = ebX + Xbe + 
or 


(4) X-Ke+--- + 5X-He+ 6X-He+ ---. 


The first member of this equation is a power series in 62, 522, 523, 624, with con- 
stant coefficients. The second member is a power series in 5y;, dy2, dy3, 5X, 
with constant coefficients. Now, since x; = Xy;, the variables 62; have the 
values 


(5) bx; = (X + 8X)by; + bX (i = 1, 2, 3, 4), 


where yz = 1 — yz and dy, = — dys. If we replace the 62; in the first member 

of (4) by these values, both members of (4) will be power series in 5y;, 5y2, dy3, 6X. 
The first term of the first member of (4) is a sum of terms 54 = D4,6z;, 

or by (5), 

(6) SE = by; + 6X - TA by; + 6X - TA yi. 


The first, and no other, of these three expressions contains 6y; with no factor 6X. 

No terms in 6y; alone occur in &E, 6°E, ---, since by (5) the terms occurring 

there are at least quadratic in the variables. So the first expression in the right- 


hand member of (6) is equal to the sum of the terms in dy; in the second member 
of (4), 


(7a) X by; = X - dle. 
It follows that 5'e = 2A;-d5y;; wherefore the second expression in (6) is 
(7b) 5X by; = 6X- He. 


The third expression in (6) is in 6X. No terms in 6X alone occur in &E, &£, 
-++, since these terms are at least quadratic. So the third expression in (6) is 
equal to the term in 6X in the second member of (4), 


(7c) 5X = e-bX. 
On substituting these three results, (6) becomes 


(8) SE = (X + + 
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On subtracting (8) from (4), member by member, there remains 
(9) X-He+ --- + 5X-He + 5X-He+ ---. 


The first term of the first member of (9) is a sum of terms &E = 24,;;62,62;, 
or by (5) 


PE = + bX) bys + + 5X) by; + 
Expanding the indicated product, 
(10) = + - TA; + (6X)? TA 
+ + yjbyi) + (6X)? + 
+ (6X)? TA 


The first, and no other, of these six expressions is in 6y;5y;. No terms in this 
product alone occur in 6°E, 54H, ---+, since by (5) the terms occurring there are 
at least cubic in the variables. So the first expression in (10) is equal to the sum 
of terms in dy,;5y; in the second member of (9), 


(11a) X?- DA, iby; = X-&e. 


It follows that &e = X-2A;;5y:5y;; wherefore the second and third expressions 
in (10) are 


(1 1b) OY; = 26X- 8e, 
5X)? 


The fourth expression in (10) is in 6X6éy; (respectively 5X6y;). No terms in 
this product occur in 6°Z, 6‘E, ---, since these terms are at least cubic. So the 
fourth expression is equal to the terms in this product in the second member 
of (9). But such terms are absent; thus 


(11d) + yjdyi) = 0. 

It follows that 2A;;(y:dy; + y;dy:) = 0, and hence that the fifth expression 
vanishes, 

(11e) + yjdyi) = 0. 

The sixth expression in (10) is in (6X). No terms in this square occur in 6°£, 
5‘E, ---, since these terms are at least cubic. So the sixth expression is equal 


to the terms in (6X)? in the second member of (9). But such terms are absent, 
so that 


(11f ) = 0. 


On substituting these six results, (10) becomes 


SE = [X + 26X + (6X)2/X] oe. 
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I.e., the expressions 6*e and 6°E are connected by the relation 


2 
(12) PE = 
X 

Since the coefficient of 6’e in (12) is positive, it follows that the criterion of 
stability (a1, x2, x3, v4) > 0 and the criterion 6e(y1, ye, y3) > 0 are equivalent. 
In both forms of the criterion the sign of equality holds when the variations of 
the variables satisfy the conditions (3). When these conditions are satisfied, 
e is constant and the equation 


2 
bE = (X + 6X) he + e6X + 


reduces to 6E = e6X, which represents an obvious physical fact. Since the 
foregoing method of obtaining the results (8) and (12) is tedious, I should be glad 
to learn of a simpler way of finding them. 


III. GrapuicaL CONSTRUCTIONS FOR IMAGINARY INTERSECTIONS OF LINE AND 
Conic. 


By R. M. Matuews, University of Minnesota. 


Introduction.—Several methods commonly known for the graphical solution 
of a quadratic equation are incomplete, as they are explained only for real 
roots. The object of this paper is to complete these constructions and to gener- 
alize them to find graphically the intersections of an arbitrary line with any conic. 

Intersection of a circle and a 
line.—When a line / cuts a circle 
O the length of the chord formed 
is 2 vr? — d?, where r is the radius 
of the circle and d is the distance 
from the center 0 to the chord. 

When the line does not cut the 
circle in real points, d > r, the sign 
of r?—d? is negative and the 
length of the chord is imaginary. 
Let us replace the given circle by 
a second which cuts the line in 
real points such that the length 
of the chord formed is 2 vd? — 1°. 
Draw OM perpendicular to the 
line to cut the circle at 7 and 
l at M, and extend OM to 0’ so 
that MO’ = r (Fig. 1); with O’ as center draw a circle tangent LJ the given one 
at T. The length of the chord which it cuts on / is 2 vd? — r? = 2ivr — a. 


Fie. 1. 


1 Read before the “Minnesota S Section of the. Mathematical ——— of “America, May 
31, 1919. 
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If the points of intersection be P’ and Q’, they may represent the imaginary 
points in which the line cuts the given circle, and P’Q’ the length of the 
imaginary chord. 

Let us call this second circle 0’ the virtual image of the given circle with regard 
to the line. 

Applications in analysis.—(i) The graph of 


(1) y? + + 2ytk=0 
is a circle with center at (— g, — f) and radius + vg?+f?—k. The graph of 
(2) az+ By +t y= 0 


is a straight line with intercepts (— y/a, 0), (0, — y/8). The algebraic solution 
of the system (1), (2) leads to a quadratic equation in x 


(3) az? + ber+ec= 0. 
whence 

—b 4ac 
(4) 


The values of y are found by substitution of these 2’s in (2). Let P and Q be 
the points of intersection and M the midpoint of the chord PQ. 

When the points P and Q are real we ordinarily read out their codrdinates 
directly and so neglect to observe that in (4) the number — b/2a is the abscissa 
of M while vb? — 4ac/2a is half the difference of the abscisse of P and Q. This 
guides us in reading out the solutions for the case of imaginary points of inter- 
section. Let the virtual image of (1) cut (2) in points P’ and Q’, with M’ the 
midpoint of chord. For the intersection of this image with (2), we have 


and accordingly the values for x are 
abscissa of M’ + 7/2 X (difference of abscisse of P’ and Q’), 
while the values for y are 
ordinate of M’ + 7/2 x (difference of ordinates of P’ and Q’). 
(ii) The algebraic solution of the system of equations 


(5) x? + 2fiy ky = 0, 
(6) e+ yr + Bou + Wey + ke = 0, 


is effected by subtracting the one from the other and solving the resulting linear 
equation with (1). The graph of this linear equation is the radical axis of the 
two circles given by the equations. Thus the graphical solution consists in 
constructing the radical axis of the circles and finding its intersections with one 
of them. 


V4ac — b? 
2a 2a 
| 
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(iii) A combination of the preceding results enables us to construct a length 
to represent the imaginary tangent from a point to a circle and to find a point 
whence we can read the complex coérdinates of the imaginary points of tangency. 

Graphical solution of a quadratic equation.—If x, and 22 are the roots of the 
quadratic equation 

e+ pr+q=0, 
then 


Take OM on the z-axis equal to — p/2; on the y-axis mark two points H and K 
such that OH-OK = q. Draw that circle through H, K which has its center 
on the line through M parallel to OY. If this circle cuts OX in 2 and 2, then 
= OH-OK = 4q, and 3(21 + 22) = — Thus the abscisse 2; and 2 
are roots of the quadratic. 

When the circle fails to cut the z-axis, construct its virtual image with regard 
to the axis. It will cut the line in two points 2, and 2, and the roots of the quad- 
ratic are 

OM + 3t|a1— 


The proxy of a circle——To extend these developments to any conic we ex- 
amine further the geometry of a circle and its virtual image. The point T is a 
center of similitude of the two circles (Fig. 1). Points on the image can be 
constructed by drawing any radius OX and then line XT to be cut in X’ by a 
radius O’T’ parallel to OX. In particular, on OT take OG as a third proportional 
to OM and OT. Draw chord through G perpendicular to OT to cut circle at P; 
then PT cuts / at P’ on 1. 

Secondly, each line of the pencil of parallels to / has a virtual image of the 
circle O and is cut by it in two points P’ and Q’. The locus of P’ is an equilateral 
hyperbola, with center at 0, vertex at 7’, and with OT as transverse axis. Ac- 
cordingly, each line parallel to / either cuts the circle in real points or cuts the 
hyperbola in points such that the discriminant for the solution of line and hyper- 
bola is the negative of the discriminant for the solution of line and circle. For 
this reason it is proposed to call the hyperbola the proary of the circle for the 
direction 

Finally, the hyperbola can be plotted from the circle by taking for each line l 
a corresponding point G and proceeding as explained above. 

Intersection of an ellipse and a line.—Consider a system of a circle, a line, 
the virtual image and the proxy of the circle with regard to the line. Rotate 
the system around a convenient diameter of the given circle, and project orthogon- 
ally upon the initial plane. The two circles become ellipses, the line a line, and 
the proxy equilateral hyperbola becomes a general hyperbola, because this trans- 
formation leaves the line at infinity invariant. For this reason parallel lines go 
into parallel lines, and similar triangles become similar triangles. Thus, all 
constructions that depend upon relations of similarity and proportion in the 
original figure are preserved, with the modification that orthogonal diameters 
become conjugate diameters. 
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The details for graphical solution of an ellipse with a line may now be re- 
counted (Fig. 2). Across the curve draw two chords parallel to / and join their 
midpoints, obtaining the diameter conjugate tol. Let it cut the conic at 7’ and 
T, and cut 1 at M. Bisect 7’T 
for center 0. Locate G on OT so 
that OG is a third proportional 
to OM and OT; through G draw 
a chord parallel to 7 and project 
its ends through 7 upon / as P’ 
and Q’. Now the abscisse of the 
points of intersection of the line 
and the ellipse are 


abscissa of M + 3% X (difference 
of abscissee of P’ and Q’), 


Fia. 2. 


and the ordinates are 
ordinate of M + 37 X (difference of ordinates of P’ and Q’). 


The center of the ellipse which is the virtual image of the given one is on 
OM extended to 0’ with MO’ = OT. This image ellipse can be traced by drawing 
secants through 7. If such an one, s, cuts the ellipse at R, draw O’R’ parallel 
to OR to cut s at R’, a desired point. Or draw two conjugate diameters through 
0’ to correspond to a convenient pair in the initial curve, and then plot the image 
with a trammel. 

The locus of the points P’ and Q’ as line / moves parallel to itself is the hyper- 
bola proxy for the ellipse. It can be plotted by locating P’ and Q’ for / ina 
series of positions; or we can remark that we have three points, 7 and one pair 
P’, Q’, and a pair of conjugate diameters, whence the curve can be constructed 
in a variety of ways. 

Intersection of an hyperbola and a line—We have just seen that for an 
ellipse and a pencil of parallels the proxy is an hyperbola. , This hyperbola cuts 
a line of the pencil in two points such that in the analytic expression for their 
coérdinates the discriminant is the negative of the discriminant for said line and 
the ellipse. Accordingly, those lines which the ellipse cuts in real points the 
hyperbola cuts in points with the corresponding complex coérdinates. Thus the 
proxy of a hyperbola is that ellipse for which it is proxy, and all the constructions 
of the preceding paragraph can be applied to the case of a line and hyperbola. 

Intersection of a parabola and a line.—The tangent to a parabola at a point 
T separates all lines parallel to it into two classes, those which cut the curve in 
real points and those which do not. Let P and Q be points on the curve with 
chord PQ parallel to the tangent at 7 (Fig. 3). Extend PT to P’ with P’T = PT. 
Locate Q’ similarly. Then PQP’Q’ is a parallelogram with PQ and P’Q’ equally 
distant from 7. When this construction is repeated for every line PQ, parallel 


7 
4 
~ 
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to the tangent at 7’, the locus of P’ and Q’ is a parabola congruent and sym- 
metrical to the first through 7’, and with the midpoints of the parallel chords 
collinear on a diameter of the curves. 
This new curve cuts in real points all 
lines parallel to tangent at 7’, that the 
first did not, and conversely. 

To solve graphically for imaginary 
points of intersection of a line and 
parabola: draw two chords parallel to 
the line and join their midpoints ob- 
taining a diameter to cut curve in T 
andlin M. On MT take TO = MT 
and through O draw PQ parallel to J. 
Then PT cuts / in P’ and QT cuts it 
in Q’, and the codrdinates of the 
imaginary points of intersection are 
read out as before. 

Solution of a quadratic equation.— 
Two commonly used graphical solu- 
tions of a quadratic equation 


(1) 2+ pr+q=0 


depend on parabolas. In the first we 
plot the function 


(2) 


and read out the intercepts on the z- 
axis. The failure of this method when the roots are complex can be remedied 
by drawing a line parallel to the x-axis with the vertex of the curve half way 
between them and proceeding as in the previous paragraph. 

In the second method, we remark that the function (2) can be regarded as the 
sum of the expressions 


Fia. 3. 


2 


and Y2 = — px — q. 


Thus the parabola y; = 2? will be the same for all quadratics and is graphed once 
for all. Each of the two points in which the line yz = — px — q cuts the curve 
has an abscissa x which makes y; = ye and so is a root of (1). With the addition 
of the methods of the preceding section we have a construction that solves every 
quadratic equation graphically. 

Note: The topic of this paper is discussed in J. G. Hamilton and F. Kettle, Graphs and 


Imaginaries, London, Arnold, 1904; and A. Schultze, Graphic Algebra, New York, Macmillan, 
1908.—Eb1ToR-1N-CHIEF. 
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RECENT PUBLICATIONS. 
REVIEWS. 


Vital Statistics, An Introduction to the Science of Demography. By G.C. Wurpp.ez, 
Professor of Sanitary Engineering in Harvard University. New York, Wiley, 
1919. xii+ 517 pages. 12mo. Price $4.00. 

This interesting and instructive book was not written primarily for mathe- 
maticians, but it stresses the need of mathematics and an intelligent, discriminat- 
ing use of mathematics. The preface reads: “This book is written for students 
who are preparing themselves to be public-health officials and for public-health 
officials who are willing to be students . . . it emphasizes the need of using 
vital statistics with truth, with imagination and with power.” 

Printed in very attractive form, with numerous diagrams, tables, and illus- 
trative matter (with 529 pages, but only ? inch in thickness), the book should 
fulfill its mission; it should also make an appeal to the general public; and, 
indeed, to mathematicians who are interested in the social sciences. 

The mathematics involved runs from arithmetic up to the theory of proba- 
bility and to correlation. As an application of Bernoulli’s Theorem in proba- 
bility, an epidemic of typhoid is postulated for a city where milk is supplied by 
two dealers—page 399. If the epidemic is due to the water supply of the city, 
each dealer should have among his customers about the same percentage of 
typhoid cases—other circumstances being the same. The problem is to deter- 
mine how many cases above his proportionate number a milk dealer must have 
in order that suspicion may properly fall upon the milk he sells. 

The author condenses in 60 pages some of the elements of probability, correla- 
tion, and life insurance—trying to impart some information to students not well 
trained in mathematics. In this condensation, certain infelicities have made 
their appearance. Frequency and probability are not adequately distinguished 
(p. 398). The so-called “probable error’ is confused with the most probable 
error (pp. 390, 391). The name “curve of error” is applied to a cumulative 
curve of error (pp. 386, 387), and the latter is improperly described at the foot 
of p. 390. The “expectation of life” is confused with the “most probable life- 
time” on p. 422, but on pp. 427, 428, the proper distinction is made. The Com- 
bined Experience Mortality Table, mentioned on p. 431, was based upon the 
data of British companies instead of American companies, and the date of the 
Northampton Table, given on p. 481 as 1762 is given by Henry Moir as 1783. 
It is not clear what distinction the author had in mind on p. 410 between Pearson’s 
coefficient of correlation and Galton’s. That the graphical method of getting 
the coefficient of correlation on pp. 412, 413, is defective, can be seen by supposing 
that each wheat-price were raised ten shillings—this would not alter the coeffi- 
cient of correlation, but the computation on p. 413 would be altered. On p. 411, 
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the figure 0.54 is said to represent “low correlation.” In a probability table on. 
p. 392, the figure 0.5872 appears instead of 0.5817, and on p. 393 the figures 0.58 
and 0.77 appear instead of 0.57 and 0.78, respectively. In the solution of the 
problem on p. 399, relating to the milk dealers and mentioned above, hardly 
enough allowance has been made for natural dispersion. 

No attempt was made by the reviewer to check the many tables and statistical 
data in the book, but in glancing at the population table on p. 158, it was noticed 
that the population of Cleveland, Ohio had been used also for Cincinnati, Ohio— 
evidently a typographical error. 

Vital Statistics is arranged with a set of exercises and questions at the end of 
each chapter, so that it may be used as a text-book. Such a stimulus to thought 
can not be too highly recommended, even for books not intended primarily as 
texts. In these questions, numerous references to the literature of the subject 
are given. 

There is also a short bibliography in Appendix I. Here misprints appear in 
the names of Willford I. King and Harald Westergaard. Another book of 
Westergaard’s, also published by Fischer, is Die Grundziige der Theorie der 
Statistik, a book of some interest to mathematicians. E. Davenport’s Principles 
of Breeding, with Appendix by H. L. Rietz (Ginn & Co.) may be added to the 
list; also, Merriman’s Teaxt-Book on the Method of Least Squares (Wiley). A more 
extended bibliography, for advanced work, would have included the names of 
Czuber, Poincaré, Borel, Bachelier, Bruns, Blaschke, Carvallo, Markoff, Mon- 
tessus de Ballore, and many of the older authors. Among periodicals, Biometrika 
might well be mentioned. Appendices II and III give model state laws for 
reports of sickness, births and deaths, and standard certificates of birth and 
death. Appendix IV is a 5-place table of logarithms. Finally, there is an Index. 

The following is a condensation of the “Contents” as listed on pp. vii-xii. 
For mathematicians, Chapters II, XII, XIII, XIV, will be of special interest,— 
as showing how mathematics is applied. 

Contents. ChapterI. Demography: History of statistics—Vital Statistics; The statistical 
method. II. Statistical Arithmetic: Collection of data; Tabulation; Precision and accuracy; 
Logarithms; The slide-rule; Classification and generalization; Averages; The moving average; 
Mechanical devices. III. Statistical Graphics: Types of diagrams; Graphical deceptions; Sum- 
mation diagrams; Polar coédrdinates; Double coérdinate paper; Logarithmic cross-section paper. 
IV. Enumeration and Registration: United States census; Credibility of census returns; Births, 
deaths, marriages, sickness. V. Population: Estimation of population; Arithmetical increase— 
Geometrical increase; Decreasing rate of growth—Difference between estimate and fact; Popula- 
tion of U. S. cities (a table); Classification of population; Errors due to use of round numbers; 
Other sources of error; Standards of age distribution. VI. Death-rates, Birth-rates, Fecundity. 
Marriage-rates; Divorce-rates; Marriage-rates, birth-rates and death-rates in Sweden; Birth; 
rates, death-rates, marriage-rates and divorce-rates in Massachusetts. VII. Specific Death-Rates: 
Age, sex, marital condition, nationality; Chronological changes; Particular diseases. VIII; 
Causes of Death: Nosology; International list of causes of death; Present-day classification. 
IX. Analysis of Death-Rates: Two methods. X. Statistics of Particular Diseases: Tuberculosis; 
Diphtheria; Typhoid fever; Cancer. XI. Studies of Deaths by Age Periods: Infant mortality, 
its chronological reduction; Pre-natal deaths; Expectation of life at different ages; Causes of 
infant deaths; Maternal mortality; Diseases of early childhood; Proportionate mortality; 


‘Median age of persons living. XII. Probability: Natural frequency; Coin tossing; Chance; 
Binomial theorem; Chance and natural phenomena; Frequency curves, including skew curves; 
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Frequency curves shown by summation diagrams—Deviation from the mean; Standard deviation; 
Coefficient of variation; Computation of coefficient from grouped data; Probable error; Doubtful 
observations; The probability scale; Probability cross-section paper. Another use of probability; 
The frequency curve as a conception. XIII. Correlation: Correlation and causality; Laws of 
causation; Methods of correlation; Galton’s coefficient of correlation; Example of low correla- 
tion—Correlation shown graphically; Correlation table; Use of mathematical formule; Secondary 
correlation; The lag—Coefficient of correlation and the lag; Other secondary correlations; The 
epidemiologist’s use of correlation. XIV. Life Tables: Probability of living a year; Mortality 
tables; Most probable life-time; ‘‘Vie probable”; Expectation of life; Comparison of the three 
methods; Life-tables based on living populations; Mathematical formule; Early history of 
life-tables; Recent life tables; United States Life Tables: 1910; A few comparisons. XV. A 
Commencement Chapter: Military statistics; Industrial diseases; Accidents; Infantile paralysis; 
Sanitary index. 
Epwarp L. Dopp. 


The Sumner Line, or Line of Position as an Aid to Navigation. By GroraE C. 
Comstock. New York, Wiley. 6+ 70 pages. 12 mo. Price $1.25. 


This is one of a dozen or more of little books on navigation that have appeared within the 
past two years as a result of the increased activity of the Navy and the Merchant Marine. Many 
teachers of the subject have apparently felt that the standard American text book on navigation, 
“The American Practical Navigator,” originally by Nathaniel Bowditch, is, in some respects, 
open to criticism, and they have tried to improve upon the explanations and methods used in 
various parts of the book. 

Professor Comstock has confined his book to problems connected with the determination of 
the Line of Position, the method of locating a ship at sea, which has been adopted by the U. 8. 
Navy. 

Presuming familiarity on the part of the reader with the elements of navigation, the Nautical 
Almanac, and such instruments as the sextant, compass, chronometer, and log, the author begins 
with an explanation of the sub-solar point, 7. e., the point on the earth directly under the sun 
(or any other heavenly body). He then takes up the Circle of Equal Altitude, and the location, 
by the methods of St. Hilaire and de Aquino, of the Line of Position or that part of the Circle of 
Equal Altitude which is in the vicinity of the observer’s ship. 

The theory of the spherical traverse tables is fully explained, and their use is illustrated not 
only in finding the azimuth and the “calculated” altitude, but also in solving such problems as 
finding the amplitude, the time when a star will cross the Prime Vertical, and the identification of 
an unknown star. 

One of the novel features of the book is the method of finding the codrdinates of the inter- 
section of two Lines of Position. This is commonly done at sea by plotting the lines on a chart. 
In Bowditch and in other epitomes, methods, based on the solution of right triangles, are given 
for computing the codrdinates of intersection when a chart is not available. Professor Comstock 
has resorted to analytical geometry and has expressed his results in terms which can be handled 
by the use of plane traverse tables. This is of interest from a mathematical point of view, but 
probably will not become popular with practical navigators because of the many possibilities of 
mistakes, especially in algebraic signs. 

Another feature of the book is the revival of horizon observations. Methods of determining 
the longitude from sunrise and sunset observations used to be given in the old epitomes, but, on 
account of the uncertainty of refraction near the horizon, those methods were omitted years ago. 
Professor Comstock has prepared a special table of Horizon Corrections for different temperatures 
and pressures, which, under normal conditions at sea, ought to enable the navigator to get fairly 
good results from horizon sights. 

Throughout the book Forms are used for the systematic arrangement of the computations, 
and, to accompany the book, pads of Blank Forms have been prepared for working the St. Hilaire 
or de Aquino methods of finding the Line of Position. On each blank is a skeleton chart for 
plotting the lines. 

F. Stocum. 


| 
H 
i 
| 
| 
a 


1919. | RECENT PUBLICATIONS. 455 


NOTES. 


In his Varia Socratica,! pages 151-155, A. E. Taylor discusses the familiarity 
of Socrates with mathematical science. 


A new edition of the Encyclopedia Americana is nearing completion and is 
especially noteworthy here on account of the valuable mathematical articles 
contained therein. The edition is expected to comprise thirty volumes and the 
mathematical articles were prepared by a number of different American authors. 


The following memoirs on UuissE Drnt have been recently published: By 
L. Bianchi in Rendiconti della r. accademia dei Lincet, scienze fisiche, Roma, 1919, 
(10 pages); by F. d’Arcais in Atti del r. istituto Veneto di Scienze, lettere edarti, 
Venezia, 1919 (7 pages). 


A compiler of a mathematical dictionary might find the following recent 
volume in the Manuali Hoepli series of some service: D. M. Mele, Dizionario 
internazionale di aeronavigazione e costruzioni aeronautiche, italiano, francese, 
inglese, tedesco con indice delle quattro lingue in alfabeto unico. Milano, 1919. 
(7 + 227 pp.). 


f A new work by Professor A. N. Whitehead, entitled An Enquiry concerning 
the Principles of Natural Knowledge, has been published by the Cambridge Uni- 
versity Press 12s. 6d. The four parts of the book deal with: The traditions of 
science, The data of science, The method of extensive abstraction, The theory 
of objects. In the investigation the scientific concepts of space and time are 
considered as the first outcome of the simplest generalization from experience. 


The interesting and attractive first two numbers of Norsk Matematisk Tids- 
skrift, the official organ of the recently organized Norwegian Mathematical 
Society (1919, 324) are heartily welcomed by the Monraty. The first number, 
of 32 pages, contains articles on Sylow and his scientific work, on number theory 
polynomials and on an elementary proof of Kepler’s first and second laws, be- 
sides brief notes, problems for solution, and news of the Society (which had 375 
members on February 1, 1919). As inserts are also a fine portrait of Sylow and 
the laws of the Society. In addition to more problems, notes concerning the 
Society and its members, and book reviews, the second number, of 48 pages, 
contains articles on Indian mathematics, application of a formula for inversion 
to the theory of numbers, distribution of chance errors in observation, and 
graphical integration. The articles are written in Norwegian, Swedish, French, 
and German. 

ARTICLES IN* CURRENT PERIODICALS. 


BOLLETTINO DI BIBLIOGRAFIA E STORIA DELLE SCIENZE MATEMATICHE, Volume 20, 
No. 3, 1918: “Sulla significato della parola ‘prospettiva’ usata nella legge sulla conservazione 
dei monumenti”’ by G. Pittarelli, 65-76; 17 reviews, 76-94 [including reviews by G. Loria of 


1 First series (St. Andrews University Publications, No. IX), Oxford, Parker, 1911. 
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Miller’s Historical Introduction to Mathematical Literature (New York, 1916), of Cajori’s William 
Oughtred, a great seventeenth-century teacher of mathematics (London and Chicago, 1916), and of 
Fundamental Conceptions of Modern Mathematics by Richardson and Landis (Chicago, 1916)]; 
“Notizie,” 94-96. 

COMMON GROUND, West Somerville, Mass., Volume 1, April, 1919: Mathematics in the 
elementary school and the junior high school,” 7-15 [Report of the Committee on Curriculum of 
the Massachusetts Teachers’ Federation]. 

INDUSTRIAL ARTS MANAGEMENT, New York, volume 8, February, 1919: “Mathematics 
for the apprentice,’”’ 58-62. 

JOURNAL OF THE INDIAN MATHEMATICAL SOCIETY, volume 11, no. 3, June, 1919: 
“Some definite integrals” by S. Ramanujan, 81-87; “Fractional differentiation” by M. T. 
Naraniengar, 88-95; ‘On a system of three similar triangles, connected with a given triangle,” 
96-99; “The theory of linear systems of points,” 100-108; Addition formulas for sn(u: + we + us) 
etc.” by F. H. V. Gulasekharam, 109-111; “On question 963” by V. R. Aiyar, 111-112; “ Astron- 
omical notes” by T. P. Sastri, 113; Solutions and questions for solution, 114-120; Periodicals 
received, i-iii. 

MATHEMATICAL GAZETTE, Volume 9, July, 1919: “Mathematics in business and industry” 
by H. T. H. Piaggio, 361-364; ‘Gleanings far and near,” 364, 368, 371; ‘‘Extension of the theory 
of inversion to conics” by J. J. Milne, 365-368; ‘Notes for lessons introductory to differential 
geometry” by E. H. Neville, 369-371; [Greeks, and the theorem coaxial triangles are copolar] by 
J. J. Milne, 372-373; “Geometrical construction for the trisection of an angle to any required 
degree of accuracy” by D. F. Ferguson, 373; ‘“ Reviews,’’ 374-376. 

MESSENGER OF MATHEMATICS, Volume 48, no. 4, August, 1918: ‘On Nielsen’s functional 


n—1 
equations” by G. N. Watson, 49-53; ““‘On a simple summation of the series & ¢?**7#/"” by L. J. 
s=0 


Mordell, 54-56; ‘‘ Radiation from a moving magneton” by H. Bateman, 56-64—No. 5, September: 
“Radiation from a moving magneton,” 65-76; “On a diophantine problem” by H. Holden, 
77-80—No. 6, October: “‘On a diophantine problem” by H. Holden, 81-87; ‘A simple proof of 
the fundamental equality in the theory of the gamma function” by S. Pollard, 87-89; ‘Notes on 
some points in the integral calculus” by G. H. Hardy, 90-96—No. 7, November: “Notes on 
some points in the integral calculus” (50) by G. H. Hardy, 97-100; ‘Method of expressing the 
cross-ratio of the range given by the roots of a biquadratic equation in terms of an auxiliary angle 
connected with the roots of the reducing cubic of the biquadratic’”’ by A. Lodge, 100-107; ‘ Notes 
on some points in the integral calculus” (51) by G. H. Hardy, 107-112—No. 8, December, 1918: 
“General pentaspherical coérdinates”’ by T. C. Lewis, 113-128. 

MIND, Volume 44, July, 1919: “Professor John Cook Wilson” by H. A. Prichard, 297-318 
[The death of John Cook Wilson, Wykeham Professor of Logic in Oxford since 1889, is a serious 
loss for philosophy. . . . The following summary of his life is condensed from a notice by Mr. 
H. W. B. Joseph in Vol. VII of the Proceedings of the British Academy, to which the reader is also 
referred for a sketch of his philosophy.” Professor Wilson died in August, 1915. He was the 
author of On the traversing of geometrical figures, Clarendon Press, 1905]; “On occupying Space’”’ 
by H. W. B. Joseph, 336-339; “A proof that any aggregate can be well ordered” by P. E. B. 
Jourdain, 382-384 [First sentence: “‘The account of my process for well-ordering any given 
aggregate M described in Mind for July, 1918 . . . has been criticised by some on grounds which 
show, I think, that the point of the process has not been grasped.”’] 

NOUVELLES ANNALES DE MATHEMATIQUES, Volume 78, March, 1919: “Sur l’helicoéde 
gauche” by M. d’Ocagne, 81-89; “Sur une homographie particuliére et son application a la 
perspective” by M. d’Ocagne, 89-92; “Sur une classe de courbes planes remarquables” by R. 
Goormaghtigh, 93-111; “Foyers rationnels des courbes” 112-113; ‘Applications géométriques 
de la théorie des infiniment petits” by M. d’Ocagne, 113-114; “Sur les courbes algébriques 
singuliéres sous le rapport des barycentres cycliques’”’ by M. d’Ocagne, 115-116; Questions and 
solutions, 116—120—April: “Sur une application élémentaire d’une méthode générale donnant les 
équations du mouvement d’un systéme” by P. Appell, 121-131; “Sur les centres de courbure des 
lignes décrites par les points d’une figure plane mobile dans son plan” by M. d’Ocagne, 131-134; 
“Sur l’extraction, a une unité prés, de la racine miéme d’un nombre quelconque a |’aide des 
logarithmes” by P. Deleus, 134-137; “Sur l’orthopole” by R. Goormaghtigh, 137-140; ‘Sur 
quelques intégrales trigonométriques” by M. F. Egan, 140-145; Questions and solutions, 145-160. 
—May: “Sur la méthode de Poincaré pour étudier la stabilité de l’équilibre’’ by P. Appell, 
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161-168; ‘‘Sur la détermination des surfaces minima” by C. Clapier, 169-176; ‘Sur un probléme 
de géométrie infinitésimale ” by R. Goormaghtigh, 177-184; ‘‘Sur un probléme de mécanique” 
by E. Delassus, 184-188; problems and solutions, 188-200. 

PSYCHOLOGICAL BULLETIN, Princeton, N. J., Volume 15, No. 12, December, 1918: “An 
easy method of determining the coefficient of correlation” by H. F. Adams, 456-459. 

REVUE DE METAPHYSIQUE ET DE MORALE, Year 26, No. 3, May-June, 1919: “La 
question de la sincérité de Descartes’? by G. Milhaud, 297-311; “Sur une définition possible des 
ordinaux transfinis” by A. Reymond, 313-334; “Sur la méthode d’enseignement des mathé- 
matiques et des sciences pour la formation du futur maitre” by E. Rignano, 389-399. 

REVUE DU Mols, Tome 20, April, 1919: “L’orientation actuelle des mathématiques” by 
A. Denjoy, 18-28 [Discours d’ installation dans la chaire de théorie des fonctions 4 l’université 
d’Utrecht, 3 Octobre, 1917]. 

REVUE GENERALE DES SCIENCES, Volume 30, No. 2, June 30, 1919: Review, by R. 
d’Adhémar, of Goursat’s Cours d’analyse mathématique, tome 2, 3e éd. (Paris, 1918), p. 385; 
review by L. Potin of H. Bouasse’s Géographie mathématique (Paris, 1919), 385-386. 

SCIENCE, second series, Volume 50, August 8, 1919: “The problem of the boy in the swing”’ 
by H. Crew, 139-140. 

SCIENCE PROGRESS, Volume 14, No. 53, July, 1919: ‘Recent advances in mathematics” 
by P. E. B. Jourdain, 1-10; “Recent advances in applied mathematics” by 8S. Brodetsky, 10-18; 
Essay-review, “The nature of number” by J. C. Gregory [on B. Russell’s Introduction to Mathe- 
matical Philosophy (London, 1919)], 141-146; Reviews by P. E. B. Jourdain of A. Gray’s A 
Treatise on Gyrostatics and Rotational Motion: Theory and Applications (London, 1918); of E. B. 
Elliott’s An Introduction to the Algebra of Quantics (2d ed., Oxford, 1913); of H. B. Phillips’s 
Integral Calculus (New York and London, 1917); of R. S. Heath’s Solid Geometry (4th ed., London, 
1919); and of W. P. Milne and G. J. B. Westcott’s A First Course in the Calculus (London, 1918), 
150-153. 

TOHOKU MATHEMATICAL JOURNAL, Volume 16, Nos. 1-2, June, 1919: “On measure of 
discontinuity and approximative representation of a function” by Y. Okada, 1-15; “On the 
approximation of a function of two variables by polynomials” by 8S. Takenaka, 16-25; ‘The 
popular books, Jinké6ki and Kaisanki, in the Japanese mathematics” [in Japanese] by T. Hayashi, 
26-40; ‘On some methods of construction in elementary geometry” by K. Yanagihara, 41-49 
[section headings: ‘Constructions with a ruler and compasses of given aperture’; ‘Poncelet- 
Steiner’s constructions’; ‘constructions with a ruler of limited length and compasses of given 
aperture’]; ‘‘ Notes in elementary geometry” by T. Kubota, 50-52; “On the sum of two quadratic 
rests with respect to a prime ideal” by T. Matsumoto, 53-61; ‘On the theory of finite differences” 
by T. Kameda, 62-72; “A note on the convergence of the continued fraction with positive 
elements” by K: Shibata, 73-77; ‘‘On the mean center of the contact points of tangents to an 
algebraic curve and of tangent planes to an algebraic surface” by K. Shibata, 78-88; ‘Rational 
determination of the ‘Wertigkeit’ of algebraical correspondence on an algebraic curve” by M. 
Shibayama, 89-91; “Mathematical notes” by T. Kubota, 92-98; ‘On special systems of line 
equations having infinite unknowns” by K. Ogura, 99-102; “On the theory of approximating 
functions with applications to geometry, law of errors and conduction of heat” by K. Ogura, 
103-154; ‘Some problems of circle and sphere divisions” by T. Hayashi, 155-159; “On the 
maximum modulus of norm-function” [in Japanese] by T. Hayashi, 160-171; New Books, 
Contents of Periodicals, Miscellaneous Notes, 172-183. 

UNITED STATES NAVAL INSTITUTE PROCEEDINGS, Volume 45, July, 1919: ‘Great 
circle sailing—a few ‘wrinkles’ to save time” by H. G. S. Wallace, 1197-1199.—August: ‘‘ Traject- 
ories and their corrections”’ by A. G. Kirk, 13875-1395. 

ZEITSCHRIFT FUR MATHEMATISCHEN UND NATURWISSENSCHAFTLICHEN UNTERRICHT 
ALLER SCHULGATTUNGEN, Volume 50, No. 1, published Jan. 28, 1919: “Zum fiinfzigsten 
Jahrgang der Zeitschrift”? by W. Lietzmann, 1-7; ‘45 Jahre Aufgaben-Repertorium”’ by C. 
Miisebeck, 7-13; ‘‘Erinnerungen aus den ersten Jahren dieser Zeitschrift”? by Hubert Miiller, 
13-18; “Die geometrische Periode in dem mathematischen Unterricht an der Breslauer Uni- 
versitit’”? by O. Toeplitz, 18-26; ‘“ Mathematische Wanderungen und Wandelungen in der 
Provinz Hessen-Nassau” by Carl H. Miiller, 27-34; “Erinnerungen” by A. Schiilke, 34-40; 
“Die Entwickelung des mathematischen Unterrichts im Sinne der Reformbewegung am Gym- 
nasium in Géttingen‘’ by E. Gétting, 40-47; ‘Winkelmessung durch Umlauf” by K. Schwering, 
47-49; “‘Begabung und Studium” by W. Lorey [dedicated to F. Klein on the 50th anniversary 
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of his doctorate and in honor of his 70th birthday], 49-56; “‘Der mathematische Verein Miinchen” 
by H. Wieleitner, 56-58; “Emil Lampe zum Gedichtnis” [with portrait] by E. Haentzschel, 
58-60; ‘‘ Biicherbesprechungen,” “Zeitschriftenschau,” and Neuerscheinungen,” 62-64—No. 2, 
published Feb. 20: ‘‘Einteilung der Dreiflache” by R. Sturm, 65-66; ‘Ueber Winkelteilung”’ by 
R. Sturm, 66-69; ‘Versuch einer Bestimmung der mittleren Strafzeit’”? by R. Sturm, 70-71; 
“Zum geometrischen Anfangsunterricht’’ by G. Kewitsch, 71-78; ‘Winkel an den Parallelen”’ 
by Miinch, 78-81; ‘Kleine Mitteilungen,” 81-93; ‘‘Aufgaben-Repertorium,” 93-97; ‘ Biicher- 
besprechungen,”’ 100-112—No. 3, published March 21: “Ueber das ‘Linearzeichnen’ an den 
héheren Schulen und sein Verhiltnis zum ‘Freihandzeichnen’” by F. Schilling, 113-131; “Die 
Kollineation in Prima” by A. Gerlach, 131-137; ‘Kleine Mitteilungen,” “ Biicherbesprechungen,”’ 
“‘Zeitschriftenschau,”’ and “ Neuerscheinungen,” 138-152. 


PROBLEMS AND SOLUTIONS. 
Epirep sy B. F. anp Otro DUNKEL, 
Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 


PROBLEMS FOR SOLUTION. 


2793. Proposed by J. L. RILEY, Stephenville, Texas. 
If a, b, and c are complex and a, 8, and y real constants, the point 
al? + 2bt +c 
al? + 26t + y 

traces a conic or a straight line when ¢ takes all real values. Stolz und Gmeiner. 

2794. Proposed by B. J. BROWN, Kansas City, Mo. 

Find the value of xe* + 2 when x = 0 and when z = ~. I.C.8. 1902. 

2795. Proposed by C. N. SCHMALL, New York City. 

A square is described touching the ellipse x?/a? + y*/b? = 1, at the ends of,its minor axis; 
a second ellipse is drawn circumscribing the square and tangent to the given ellipse at the ends 
of the major axis. The new ellipse is treated as the first and the process is continued until there 
are n new ellipses. Show that the last ellipse is a circle if the eccentricity of the original ellipse 
is Vn/(n + 1). 

2796. Proposed by N. P. PANDYA, Amreli, India. 

Construct a triangle ABC having its centroid on a given ellipse, AB being a fixed diameter 
of the ellipse and C lying on one of the directrices. 

2797. Proposed by E. J. OGLESBY, College of William and Mary. 

Solve for z and y the simultaneous equations, x* + y? = 35 and 2? + y? = 13. 

2798. Proposed by S. A. COREY, Des Moines, Iowa. 


Prove that every positive integer is equal to the sum of at most four squares. 


SOLUTIONS OF PROBLEMS. 
406 (Algebra) [March, 1914]. Proposed by S. A. COREY, Albia, Iowa. 
Solve the system of equations: 


(1 — z) (a; + aey + = d, (1 — y)(bi + box + b3z) = g, (1 — + cor + =h. 
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Discussion By H. S. Unter, Yale University. 


In order to introduce cyclic order we shall interchange two of the coefficients in the second 


equation and rewrite it as 
(1 — y)(bi + bez + bax) = g. 


Obviously, this modification will have no essential influence on the final result. 
Solving the third equation for z we obtain 
h 
g=1—-— ——, 
C1 + cor + 
Substituting this expression for z in the first equation and performing elementary reductions, 
we find 
ay? + By =90 (1) 


where 


lll 


a = ac;(1 — 2), 
B = [cs3(a1 + a3) + aoc, — — [es(ai + a3) + — — 


= + a3) —cd — ash] [(c1 C2) (a1 + as) + cod — C2(a1 + 


The second equation (modified), when treated in the same manner, gives 


Ay + By+C =0 (2) 
where 
A =c;[(bi1 + be) + 
B = — + b2) + — beh] + [c2(bi + b2) + bs(er — cs) + 
C = — {[er(b: + be) — — beh] + [e2(bi + b2) + baci — + 


Eliminating y from equations (1) and (2) we get 
(aC — yA)? — (aB — BA)(BC — yB) = 0. (3) 


When the expressions for a, 8, y, A, B, C are substituted in relation (3) it is found that the 
coefficient of x* vanishes identically, but that all the remaining coefficients have extremely com- 
plicated values other than zero, in general. Therefore, since the equation in z is of the fifth 
degree with literal coefficients, the original set of equations cannot be “‘solved.” 

In the particular case where a; = 2, a2 = 3, a3 = 4, b1 = 5, (new) be = 6, (mew) bs = 7, 
C; = 8, ce = 9, cs = 10, d = 11, g = 12, and h = 13, I found 


1,628,9912> + 3,399,760x* — 3,151,7592* — 8,498,412? — 8,179,9127 — 8,133,008 = 0, 
which has at least one positive real root. 
411 (Algebra) [April, 1914, June, 1919]. Proposed by V. M. SPUNAR, Chicago, Il. 
Determine X2, from the equations: 
+22 +++ + 2p = as, 
biti + bore + bars + bptp = a1, 
+ + + + = a2, 


by? 21 + be? bs? 123 + = Qp-1. 


Sotution By H. S. Unter, Yale University. 


From the theory of determinants, we know that 


ay bi eee bp db; eee bp D 
| ae b? by? eee b,? + |b? b? eos D. 


Consider the determinant in the denominator, D2. If any b were equal to any one of the 
p — 1 remaining b’s, two columns would be identical and D2 would vanish. Hence, 


, 
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Dz = kA(bi — b1) (bi — be) (bi — (bi — (Bi — Dp), 


where A = (b: — be) «++ (b1 — bp) (b2 — bs) «++ (b2 — bp) «++ (bp-1 — bp), and & can only be a 
non-literal factor. To determine k, we note that the product.of all the first terms in the }p(p — 1) 
binomial factors equals b;?~1b,?~*b2?-3 «++ bp_2?bp»_-1 which differs only in sign from the algebraic 
value of the negative diagonal of Dz; hence, k = — 1 or 


Dz = — A(bi — bi)(bi — — (Os — Digi) (Os — Dp). (1) 


Next, consider D;. If ao, a1, +++, @p-2, were replaced, respectively, by 1, x, 

xP, x? we should have (by the same argument) 


Dz, = — A(x — bi)(@ — be) — Din) (@ — Digs) (& — Dp) 
= — A(xP + + 3 + +++ + +. Cp-1). 


From the theory of equations, we know that — c; is the sum of bi, be, +++, bi-n, Disa, +++, Dp, 
that + cz is the sum of the products of these b’s taken two at a time, etc., and that + cp_: is the 
product of all these b’s, the upper or lower sign to be taken according as p is odd or even. Now 
the first minors that multiply the a’s in De are identical with the corresponding minors which 
multiply the various powers of z in D,. Consequently, 


D, = A(@p-1 + + + + Cp_2d1 + Cp—100). (2) 
Finally, dividing equation (1) by equation (2) we get the required formula 


Ap-1 — (Zb)ap_2 + (Zbb)ap_s + (Ilb)ao 


— b) , 


the interpretation of the notation being clear from the preceding discussion. 
Also solved by NoRMAN ANNING. 


455 (Geometry) [February, 1915; June, 1919]. Proposed by R. P. BAKER, University of Iowa. 
Find the minimum triangle of assigned angles inscribed in a given triangle. 


SoLuTion By R. C. ArcurBaLp, Brown University. 


This problem is closely allied to the problem: Find the maximum triangle of assigned angles 
circumscribed to a given triangle. Both problems were proposed for solution in 1811 on the last 
page (exclusive of index), 384, of the first volume of Annales de mathématiques pures et appliquées. 
Solutions by Rochat, and others, were given in volume 2, pages 88-93. 

Let D,E,F; be the triangle of assigned angles and ABC be the given triangle. On CA (on 
the side opposite from B) describe an arc of a circle containing an angle equal to the angle Fi. 
On CB (on the side opposite from A) describe an arc of a circle containing an angle equal to D. 
Then if through C a line is drawn parallel to the line of centers of the circles it will meet the circles 
again in D and £ such that DE is the greatest of all line-segments drawn through C. Then if 
EA, DB be produced to meet in F, the triangle DEF will clearly be the maximum triangle circum- 
scribing the triangle ABC, and the triangle ABC will be the minimum triangle inscribed in the 
triangle DEF. 

Hence to solve the given problem find the maximum triangle, A:B,C,, similar to the triangle‘ 
ABC and circumscribing the triangle D: ZF, (the point F; falling in A,B, and the point EZ, in 
A,C;; also the angles Ai, B:, C; correspond respectively to A, B,and C). Then divide AB at F 
in the ratio A,F; : Fi:B; also AC at in the ratio and CB at D as : 
Then D, E, and F are the vertices of the required minimum triangle. 

In general, there are, as Rochat pointed out, six solutions of the problem, depending upon 
the arrangement of the vertices of the triangle DEF on the sides of the given triangle. 

Another solution is given in A Key to the Exercises in the First Six Books of Casey’s Elements 
of Euclid by Joseph B. Casey, second edition, 1887, pp. 120-121. 


Note. A solution by John Casey is given in his Sequel to . . . the Elements 
of Euclid, second edition, 1882, pp. 38-39.—Editors. 
Also solved by A. PELLETIER. 
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2737. Proposed by C. N. SCHMALL, New York City. 


Employing Maclaurin’s theorem, or otherwise, expand the following three functions 
(1) et" "= as far as 2°; (2) e*™* as far as 2°; and (3) tan z as far as 2°. 


The solution of this problem published in our issue for September was in- 
correctly ascribed to Elmer Latshaw; it was by G. A. OsBorNzE, professor emeritus 
of the Massachusetts Institute of Technology—EpirTors. 


NOTES AND NEWS. 
EpiTep By E. J. Moutron, Northwestern University, Evanston, 


Mr. H. E. Wore has been appointed assistant professor of mathematics 
in Indiana University. 


Dr. L. S. Survey, who has been professor of mathematics in Mount Morris 
College, is now president of the college. 


T. W. Jackson, formerly principal of the high school in Fulton, Missouri, 
has been made head of the department of mathematics in Jamestown College. 


H. L. Oxtson has been elected to an instructorship in mathematics in the 
University of Wisconsin. 


W. H. Suerk has been appointed professor of mathematics in the University 


of Buffalo. 


Mr. NorMan ANNING, recently discharged from the Canadian railway troops 
after service in France, has been appointed instructor in mathematics at the 
University of Maine. 


Dr. H. C. Gossarp, formerly instructor in the U. S. Naval Academy, has been 
made assistant professor of mathematics at the University of Oklahoma. 


Dr. H. C. Woxrr, formerly assistant professor of mathematics at the Uni- 
versity of Wisconsin, has accepted an appointment as head of the department of 
mathematics at the Drexel Institute. 


At Washington University, Professor GkorcE O. JaAmMEs has been made head 
of the department of mathematics and Dr. J. R. MussetMan, formerly of the 
University of Illinois, has accepted a position as instructor in mathematics. 


Assistant professor GLENN JAMES, of Purdue University, has resigned to 
accept a similar position in the mathematics department at the Carnegie Institute 
of Technology. 
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The following men have been appointed instructors in mathematics at Purdue 
University: Messrs. R. S. UNpERwoop, G. D. James, F. H. Hopas and T. E. 
RAIFORD. 


Dr. T. McN. Stmpson has returned from Y. M. C. A. service in France and 
has been appointed professor of mathematics in his alma mater, Randolph-Macon 
College. 


Mr. J. A. Caparo, professor of electrical engineering and physics at the Uni- 
versity of Notre Dame, received the A.M. degree in mathematics at the University 
of Chicago at the September convocation. 


Mr. EvBert ALLEN, formerly of the University of Chicago High School, has 
been appointed instructor in mathematics at the University of Missouri. 


Dr. S. CHAPMAN, chief assistant at Greenwich Observatory, has been ap- 
pointed professor of mathematics at the University of Manchester. 


Professor W. H. Youne, formerly of the University of Liverpool, has been 
appointed professor of mathematics in the University College of Wales. 


At Princeton, Professor PreErRE Boutrovx and Assistant professor J. H. M. 
WEDDERBURN have returned after five years of absence in the French and British 
war service respectively. 


Lieutenant F. L. CarmicHakEL, associate professor of mathematics at the 
University of Alabama, was in charge of range table calculations in the Ordnance 
Department at Washington during the past summer. 


At the University of Illinois, Assistant Professor ArNoLpD Emcu has been 
promoted to an associate professorship of mathematics and Mr. E. H. Vance 
has been appointed instructor in mathematics. 


Corrigenda: It should have been stated (1919, 419) that the value of the 
Querini-Stampalia prize was 3,000 lire—Mr. H. L. Sorru, of Cornell University, 
is instructor in mathematics at the University of Wisconsin and not as previ- 
ously noted (1919, 322)—While it is true that Professor L. L. SILVERMAN re- 
signed to enter a banking house in Boston (19/9, 418) he later decided to remain 
at Dartmouth College. 


THE WORK OF THE NATIONAL COMMITTEE ON MATHEMATICAL 
REQUIREMENTS, NOVEMBER, 1919. 

Following a previous statement regarding the work of the National Com- 
mittee on Mathematical Requirements (1919, 439), the following items may be 
of interest. 

A preliminary report on “The Reorganization of Introductory Courses in 
Mathematics in Secondary Schools” was issued towards the end of November. 
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This report has been prepared by a representative sub-committee. It has not 
as yet been considered by the National Committee but its publication as a basis 
for discussion by teachers, organizations, committees, and local groups has been 
authorized. 

A report on “The Valid Aims and Purposes of the Teaching of Mathematics 
in the Light of Recent Criticisms” will, it is hoped, be ready for distribution by 
January. In it an attempt will be made to state precisely and succinctly the 
mathematical training that every citizen should secure. The findings of this 
report can then be made a basis for the determination of precisely what and how 
much mathematics should be required of all students. 

An extended investigation of “Experimental Schools and Courses” is being 
undertaken for the Committee by Mr. Raleigh Schorling of the Lincoln School. 
Detailed plans for this investigation were approved by the National Committee 
at its last meeting in New York City on November Ist. 

Mr. J. A. Foberg is preparing a report on “Mathematics in Junior High 
Schools.” 

Professor A. R. Crathorne has recently submitted a report giving the results 
of his investigation of “Change of Mind Between High School and College as to 
Life Work.” A summary of these results will be published in School and Society 
in the very near future. Professor Crathorne is still at work on an extended 
investigation entitled “A Critical Study of the Correlation Method as Applied 
to Grades.” 

A statement of general principles to govern the proposed revision of college 
entrance requirements has been tentatively approved by the Committee. This 
statement has been sent out to some 50 representative colleges and universities 
for their criticism and comment. 

The Committee has sent letters to all teachers organizations having mathe- 
matical interests, of which it has been able to learn, asking their coéperation 
and offering the assistance of the Committee. The response has been very 
enthusiastic. A considerable number have already appointed committees to 
receive reports from the National Committee for study and criticism. The plans 
of the National Committee have been, or will be, presented to 22 such organiza- 
tions during the months of October to December in the following states: Indi- 
ana, Illinois, Iowa, Kentucky, Massachusetts, Missouri, New Jersey, New York, 
North Carolina, North Dakota, Ohio, Oklahoma, Pennsylvania, Rhode Island, 
Texas, West Virginia and Wisconsin. Little has yet been done with reference 
to the promotion of new organizations. It was felt that this Committee should 
wait until it had definite material on hand for distribution before taking up this 
phase of its work. The formation of mathematical clubs in several of the larger 
cities, where they did not exist before, is, however, under way and material 
regarding the formation of such clubs is in hand. Any individuals interested 
in the formation of a mathematical club may secure this material by addressing 
the Chairman of the Committee (J. W. Young, Hanover, New Hampshire). 
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system, 326. 
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Professor Coble’s article, 113. 

Mittrer, G. A. Bits of history about two 
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Riace, W. F. Cuspidal rosettes, 332. 

Roever, W. H. Geometric explanation of a 
certain optical phenomenon, 111. 

Vivian, Roxana H. Statistics in relation to 
the war, 32. 

WitczynskI, E. J. On the form of the power 
series for an algebraic function, 9. 

Youne, J. W. (Chairman) Report of the 
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Requirements, 233, 279, 439, 462. 
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series for. E. J. WitczynskI, 9. 

Annual meeting, Third, of the Mathematic al 
Association of America. W. D. CaIRNs, 


Circular and hyperbolic functions, A theory 
and generalization of. A. F. Frum- 
VELLER, 280. 

Committee, National, on Mathematical Re- 
quirements. Report, 233, 279, 439, 462. 

Committee on Libraries—List of college 
mathematical text books, 225. 

Constructions of descriptive geometry, On 
certain. G. Lorta, 45. 

Cuspidal rosettes. W. F. Riaas, 332. 
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Dupin’s theorem. D. C. Kazartnorr, 441. 
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TREvor, 444. 

Hypotenuse, Erroneous rule for finding. M. 
W. Jacoss, 395. 
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McClenon, R. B., and Rusk, W. J. Intro- 
duction to the Elementary Functions. G. 
W. Moutuins, 244-249. 

See Nunn, T. P. 

McKenzie, K. The Italian Universities and 
their Opportunities for Foreign Students, 
300-301. 

Merrifield, W. V. See Gill, J. 

Miller, G. A. See Bianchi, L. 

Milne, W. P., and Westcott, G. J. B. A First 
Course in Calculus. A. A. BENNETT, 355- 
357. 

Morgan, F. M. 
Geometry, 301. 

Mullins, G. W. See Karpinski, L. C., Me- 
Clenon, R. B., Ransom, W. R., and 
Slichter, C. S 

New English Dictionary on Historical Prin- 
ciples, 256. 

Nunn, T. P. Exercises in Algebra (including 
Trigonometry) and The Teaching of Algebra 
(including Trigonometry). R. B. Me- 
CLENON, 154-156. 

Poor, C. L. Simplified Navigation for Ships 
and Aircraft, 116-117. 


Essentials of Algebra and 


INDEX TO VOLUME 


XXVI. 467 


Plummer, H. C. An introductory treatise on 
Dynamical Astronomy, 253-254. 

Ransom, W. R. Freshman Mathematics. G. 
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